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For inﬁnitesimal data given on the group of diffeomorphism of the circle with
respect to the metric H3=2, the associated Brownian motion has been constructed by
Malliavin (C.R. Acad. Sci. Paris t.329 (1999), 325–329). In this work, we shall give
another approach and prove the invariance of heat measures under the adjoint action
of S1. # 2002 Elsevier Science (USA)
Key Words: diffeomorphism group; Brownian motion; fundamental cocycle.0. INTRODUCTION
Let DiffðS1Þ be the group of C1 orientation preserving diffeomorphism
of the circle S1 and diffðS1Þ be the space of C1 real valued functions on S1.
To u 2 diffðS1Þ, we associate the vector ﬁeld uðyÞ d
dy on S
1. Therefore the Lie
bracket in diffðS1Þ is deﬁned by
½u; v ¼ u’v  ’uv ð0:1Þ
where 	 means the derivative with respect to y.
Given a vector ﬁeld UðyÞ ¼ uðyÞ d
dy on S
1, the differential equation on S1:
dxt
dt
¼ UðxtÞ; x0 given
deﬁnes a ﬂow of diffeomorphism Vt 2 DiffðS1Þ, which resolves in return the
differential equation on DiffðS1Þ:
dVt
dt
¼ u 	 Vt; V0 ¼ Id:
Therefore, u can be identiﬁed to a right invariant vector ﬁeld on DiffðS1Þ
and diffðS1Þ to the Lie algebra of DiffðS1Þ.162
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BROWNIAN MOTION ON DIFFEOMORPHISM GROUP 163The group DiffðS1Þ arises naturally in many places in Mathematical
Physics. Its interest is ﬁrstly related to its applications in the String
Approach to modern quantum ﬁeld theory (see [BR,KY1,Mi]). The
quantization of DiffðS1Þ does work through the central extension of its
Lie algebra diffðS1Þ, known as Virasoro Algebra. These central extensions,
which give rise to the metric H3=2 on diffðS1Þ, have been classiﬁed by
Gelfand–Fuks [GF]. For all metric H3=2þe, the classical theory of stochastic
ﬂow provides a construction of Brownian motions on C1-diffeomorphism
group (see for example [Ba,Ku]). The case of H3=2 is critical. In this case, the
Brownian motion gt constructed in [Ma1] stands on the group of
homeomorphisms of S1, which brings a new phenomenon: the laws nt are
supported by dt-Ho¨lderian homeomorphisms with dt tending to zero when t
goes to 1. In this work, we shall propose another construction of gt and
give an explicit estimation on the modulus of continuity dt. The invariance
of nt under the adjoint action of S1 will be proved.
1. FUNDAMENTAL COCYCLES


















where uð3Þ denotes the third derivative of u. Then the following cocycle
condition holds:
oc;hð½u; v; wÞ þ oc;hð½v; w; uÞ þ oc;hð½w; u; vÞ ¼ 0 for u; v; w 2 diffðS1Þ:
ð1:2Þ
The form oc;h is called fundamental cocycle, the constant c the central
charge. Conversely, Gelfand–Fuks [GF] showed that any antisymmetric
bilinear form o on diffðS1Þ satisfying the cocycle condition (1.2) is given in
the form o ¼ oc;h.
The central extension of diffðS1Þ is deﬁned by Vc;h ¼ R diffðS1Þ. We
denote by k the central element. Then according to (1.2), the bracket deﬁned
on Vc;h by
½x kþ u; Z kþ v ¼ oc;hðu; vÞ kþ ½u; v for x; Z 2 R; u; v 2 diffðS1Þ ð1:3Þ
satisﬁes the Jacobi identity.Vc;h is called the Virasoro Algebra. The classical
Borel–Weil theorem in Representation Theory has been extended to the case
SHIZAN FANG164of Virasoro Algebra by Kirillov and Yuriev [KY2]. The homogeneous space
DiffðS1Þ=S1 plays a fundamental role (see [AM,BR,KY1,2]).
Consider










Then diffðS1Þ0 is the tangent space of the homogeneous space DiffðS
1Þ=S1
at the basic point. Let u 2 diffðS1Þ0, uðyÞ ¼
P1





ðak sin kyþ bk cos kyÞ: ð1:5Þ















Therefore, the metric j 	 jc;h deﬁned by
juj2c;h ¼ oc;hðu; JuÞ ð1:7Þ
is a Ka¨lherian metric on diffðS1Þ0. The associated Ricci tensor has been



















According to (1.6), fek; k51g is an orthonormal system with respect to the
metric j 	 jc;h.
2. PREPARING LEMMAS
In this section, we shall prepare some inequalities, which will be needed in
the sequel.













Proof. Consider jðxÞ ¼ sin
2xy
x3
; x > 0. We have
j0ðxÞ ¼






It follows that j 0ðxÞj45y
2
x2




























. For y51, splitting the integral into two parts








































































5 eK0 t or log jðtÞ4ðlog jð0ÞÞ eK0t:
It follows that
jðtÞ4½jð0Þe
K0 t : ]
Lemma 2.3. Let 05K1424. Then for 05x424,
x log xþ K14 ðxþ K1Þ logðxþ K1Þ: ð2:5Þ
Proof. Deﬁne j1ðxÞ ¼ x log xþ K1 and j2ðxÞ ¼ ðxþ K1Þ logðxþ K1Þ.
Then





 K1 1þ logðxþ K1Þð Þ:
K1ð1þ logðxþ K1ÞÞ5K1, whenever xþ K14e2; that will happen
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We have uð0Þ ¼ 0; u0ðsÞ ¼  xxþs þ 150. Therefore s ! uðsÞ is an increasing
function. It follows that uðK1Þ5uð0Þ ¼ 0. ]
3. REALIZATION OF THE BROWNIAN MOTION ASSOCIATED
TO H3=2
Consider fxk; k51g a sequence of real independent standard Brownian
motions deﬁned on a probability space ðO;F; PÞ. It is well known that






ðx2k1 ðtÞ cos kyþ x2kðtÞ sin kyÞ ð3:1Þ
converges uniformly on ½0; T   S1, where ak are deﬁned in (1.9). For y 2 S1,
given t ! ytðyÞ is a martingale with respect to the natural ﬁltration Ft
generated by sðxkðsÞ; s4t; k51Þ. Let y; y
0 2 S1, the quadratic variation
Vtðy; y
0Þ of ytðyÞ  ytðy
























4C jy y0j2d as jy y0j ! 0:
It follows that the process yt is realized on the space HaðS1Þ of a-Ho¨lderian





ðx2k1ðtÞe2k1 þ x2kðtÞe2kÞ: ð3:2Þ
Consider the s.d.e. on DiffðS1Þ (see [E1,Ku,Ma2]):






0 ¼ Id: ð3:3Þ





ðe2k1ðgnt Þ 8 dx2k1 þ e2kðg
n
t Þ 8 dx2kÞ; g
n
0 ¼ y: ð3:4Þ
In what follows, we shall identify S1 with R=2pZ. Remark that












The stochastic contraction is therefore equal to zero in the right-hand side of






ðcosðkgnt Þ 	 dx2k1 þ sinðkg
n
t Þ 	 dx2kÞ; g
n
0 ¼ y: ð3:5Þ
Lemma 3.1. There exists a constant K0 > 0 (independent of p; n and y)




2pÞ4Cp2ndpðtÞ; for large integers p; n; ð3:6Þ
where Cp is some constant and dpðtÞ is defined by
dpðtÞ ¼ eK0pt: ð3:7Þ





. Then the stochastic contraction is dominated
by








½ðcos kgnþ1t  cos kg
n
t Þ













































































































Using the Itoˆ formula, we obtain that
dZ2pt ¼ 2pZ
2p1
t 	 dZt þ pð2p  1ÞZ
2p2
t dZt 	 dZt
































Denote jðtÞ ¼ EðZ2pt Þ. Applying (3.10), we get
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where cðtÞ ¼ jðtÞ þ
1
K0c







with dpðtÞ ¼ eK0pt. It follows that for some constant Cp > 0,






Corollary 3.2. Let T > 0. Then
E sup
04t4T







Proof. Recall that gnt ðyÞ ¼ g
n
t . Using the maximal inequality for
martingales and estimation (3.6), we obtain the result. ]
Theorem 3.3. For y 2 S1 given, almost surely
gtðyÞ ¼ lim
n!þ1
gnt ðyÞ exists uniformly in t 2 ½0; T :
Proof. Let b > 0. Consider En ¼ fo; sup04t4T jg
nþ1










n¼1 PðEnÞ5þ1. By Borel–Cantelli lemma, almost surely,
sup
04t4T
jgnþ1t ðyÞ  g
n
t ðyÞj42





t ðyÞ  g
n
t ðyÞÞ converges uniformly in t 2 ½0; T ,
which implies the uniform convergence of gnt ðyÞ. ]





ðe2k1ðgtÞ dx2k1ðtÞ þ e2kðgtÞ dx2kðtÞÞ; gð0Þ ¼ y: ð3:13Þ
































ðe2k1ðgsÞ dx2k1ðsÞ þ e2kðgsÞ dx2kðsÞÞ
¼Mn1 ðtÞ þ M
n
2 ðtÞ:














































jgt  gnt j
dt ! 0
as n ! þ1 according to Theorem 3.3. It follows that gt is a solution of
(3.13).












j0ðtÞ4 K0p jðtÞlog jðtÞ for t5t0:
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dpðt  t0Þ ¼ eK0pðtt0Þ. Now letting t0 ! 0, log jðt0Þ ! 1, we obtain that










So we obtain the uniqueness. ]
In what follows, we shall treat the regularity of the function y! gtðyÞ.
Lemma 3.5. Let y; y0 2 S1. Then
E sup
04t4T








Proof. The same kind of computations as for (3.6) and (3.12) does
work. ]









Remark that for t given, 2pdpðtÞ ¼ 2peK0pt ! 0 as p ! þ1. So it is
impossible to get the regularity of gt from estimation (3.15) via the
Kolmogoroff modiﬁcation theorem for any t > 0. However, for p ﬁxed,




In order to get the regularity of gt for any t > 0, we shall use the property
of ﬂow. Combining (3.6) and (3.7), we have for p and n large enough,




0j2pdpðtÞ þ 2ndpðtÞ: ð3:17Þ
Denote a ¼ 2dpðtÞ=2p and t0 ¼ 0; tn ¼
Pn
k¼1 a
k. Then t1 ¼ limn!þ1 tn is
ﬁnite. Deﬁne







According to (3.14) and (3.17), we obtain
Eðjcðy; s1Þ  cðy
0; s2Þj
2pÞ4Cp½jy y
0j2pdpðtÞ þ js1  s2j
2p:
BROWNIAN MOTION ON DIFFEOMORPHISM GROUP 173It follows that for some small t0 > 0, we can apply the Kolmogoroff
modiﬁcation theorem, so that almost surely gnt ! gt uniformly over S
1 for
all t4t0. Denote gnt;xðyÞ the solution of s.d.e. (3.5) with respect to the








where t ! xt0 ðtÞ ¼ xðt þ t0Þ  xðt0Þ is again a Brownian motion. Now letting
n ! þ1, we get
gt0þs;xðyÞ ¼ gs;xt0 ðgt0;xðyÞÞ: ð3:18Þ
Therefore by (3.16),
jgt0þs;xðyÞ  gt0þs;xðy





Now for t > t0, let m ¼ tt0
h i
be the integral part of
t
t0
















. Denote c0 ¼ 2t0 log
1
d. Then we
deduce (3.20) from (3.19). ]
In what follows, we shall denote by G the group of homeomorphisms
of S1.
Proposition 3.7 There exists a version of gt such that almost surely,
gt 2 G for all t.
Proof. Let T > 0. Consider xToðtÞ ¼ xoðT  tÞ  xoðTÞ, which is a
Brownian motion deﬁned on ðO; PÞ with respect to the ﬁltration
FTt ¼ sðx
T ðsÞ; s4tÞ. In the same way, we obtain a process
fgTt ; 04t4Tg, which enjoys the same properties as gt. In particular,
EðjgTT ðy1Þ  g
T
T ðy2Þj
2pÞ4Cpjy1  y2j2pdpðTÞ: ð3:21Þ
SHIZAN FANG174Denote by gn;Tt the solution of (3.5), but with the Brownian motion x
T
oðtÞ.












In particular, for t ¼ T , we see that the inverse of gnT is given by g
n;T
T for
any T > 0 given. Letting n ! þ1, we obtain that for T4t0, almost
surely, g1T ¼ g
T
T . So in order to obtain a version for all T , we need
some result which ensures the continuity of T ! gTT ðyÞ. Let T15T2.
Remark that
xT1ðtÞ ¼ xðT1  tÞ  xðT1Þ ¼ xðT2  ðT2  T1 þ tÞÞ  xðT2  ðT2  T1ÞÞ;





t is a F
T2
























































































V T1t ¼ g
n;T1
tðT2T1Þ
ðyÞ; V T2t ¼ g
n;T2
t ðyÞ ð3:22Þ






























jðT2  T1Þ4Cp jT2  T1jp;




for T2  T14t4T2:
It follows that
jðT2Þ4CpjT2  T1jpdpðT1Þ;
where dpðtÞ was deﬁned in (3.7). Now by (3.22), we obtain
Eðjgn;T1T1 ðyÞ  g
n;T2
T2
ðyÞj2pÞ4Cp jT2  T1jpdpðT1Þ: ð3:23Þ
Combining (3.21) and (3.23), and letting n ! þ1, we obtain
EðjgT1T1 ðy1Þ  g
T2
T2
ðy2Þj2pÞ4Cp ðjT2  T1jpdpðT1Þ þ jy1  y2j2pdpðT2ÞÞ: ð3:24Þ
By Kolmogoroff modiﬁcation theorem, for some small t0 > 0, there
exists a version such that T ! gTT ðyÞ is continuous over ½0; t0 uniformly
relative to y 2 S1. It follows that almost surely gt 2 G for t4t0.
Now the property of ﬂow (3.18) proves that almost surely gt 2 G for
all t. ]
4. INVARIANCE OF nt UNDER THE ADJOINT ACTION OF S1








Proposition 4.1. The generator of gt is 12D.
SHIZAN FANG176Proof. Let F : G ! R deﬁned by
F ðgÞ ¼ f ðgðy1Þ; . . . ; gðyNÞÞ; f 2 C1ðS1  	 	 	  S1Þ:












































































ksin kgðyiÞ cos kgðyiÞ
ak
:



































Proposition 4.2 Denote e0 ¼ 1. Then
½e0;D ¼ 0: ð4:3Þ
Proof. From ½e0; ek ¼ e0ek  eke0, we deduce
e0ek ¼ eke0 þ ½e0; ek ¼ eke0 þ ’ek:
It follows that e0e2k ¼ e
2
ke0 þ ek’ek þ ’ekek. We have ’e2k1 ¼ ke2k,








By summing over k, we obtain (4.3). ]
Denote by nt the law of gt on G. Relation (4.3) indicates the possibility to
obtain the invariance of nt under the adjoint action of S1, that we shall
realize at a cylindrical level.
Theorem 4.3. Let F : G ! R be a function in the form
F ðgÞ ¼ f ðgðy01Þ; . . . ; gðy
0
NÞÞ; f 2 C
1ðS1  	 	 	  S1Þ;
then Z
G
F ðRa 	 g 	 RaÞ dntðgÞ ¼
Z
G
F ðgÞ dntðgÞ; ð4:4Þ
where Ra denotes the rotation with respect to a 2 S1.
Proof. Let P ¼ fy01; . . . ; y
0
Ng be a subset of S
1 and denote
TP ¼ S1  	 	 	  S1. Let PP be the projection from G onto
TP: PPðgÞ ¼ ðgðy
0









for f 2 C2ðTPÞ: ð4:5Þ
SHIZAN FANG178Then by computations in the proof of Proposition 4.1, we have the
following factorization:
Dðf 8PPÞ ¼ ðDPf Þ 8PP: ð4:6Þ
Let ðetDP f Þðy1; . . . ; yNÞ ¼ Eðf ðgtðy1Þ; . . . ; gtðyN ÞÞÞ. By property of ﬂow (3.18),
we see that etDP is a semigroup and
d
dt
etDP f ¼ DP etDP f . Denote
uPðy1; . . . ; yN Þ ¼ ðuðy1Þ; . . . ; uðyN ÞÞ for u 2 diffðS1Þ:
Then uP is a vector ﬁeld on TP.
Lemma 4.4. We have
eP0 e
tDP ¼ etDP eP0 : ð4:7Þ

























¼ DP eP0 f :
Let t0 > 0. Consider jt ¼ e
tDP eP0 e




ðt0tÞDP f  etDP eP0 DP e
ðt0tÞDP f ¼ 0
which is due to the fact that DPeP0 ¼ e
P
0 DP. Therefore j0 ¼ jt0 . It follows
that eP0 e
t0DP f ¼ et0DP eP0 f . ]
Lemma 4.5. Denote by expðseP0 Þ the flow associated to the vector field e
P
0




tDP ¼ etDP expðseP0 Þ: ð4:8Þ
Proof. Let s0 > 0. Consider js ¼ expððs0  sÞe
P
0 Þ e
tDPexpðseP0 Þf . Then
djs
ds
¼ 0 using Lemma 4.4. It follows that js0 ¼ j0. We obtain the result. ]
Proof of Theorem 4.3 (Conclusion). We have
ðexpðseP0 Þ e
tDP f Þ 8PPðgÞ ¼ EðF ðgt exp se0 	 gÞÞ
BROWNIAN MOTION ON DIFFEOMORPHISM GROUP 179and
ðetDP expðseP0 Þ f Þ 8PPðgÞ ¼ EðF ðexp se0 	 gt 	 gÞÞ:
Therefore for any g 2 G, we have
EðF ðgt exp se0 	 gÞÞ ¼ EðF ðexp se0 	 gt 	 gÞÞ: ð4:9Þ
Taking g ¼ expðse0Þ in relation (4.9), and denoting Ra ¼ exp se0 which is a
rotation of S1, we obtain result (4.4). ]
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